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In the present paper we prove that a certain subcategory C of the module
category over some infinite-dimensional algebra R has almost split sequences and
strongly homogeneous property; i.e., for each indecomposable module M in C ,
there is an almost split sequence starting and also ending at M. It is also proved
that except for a trivial case, C is of wild representation type.  2000 Academic
Press
Let C be a k-additive category and k be a field. C is called a
KrullSchmidt category, provided the endomorphism ring of each inde-
composable object is local. Then the decomposition of any object into
 indecomposables is unique up to isomorphism R, p. 52 . The category C is
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said to be exact if C is a subcategory of an abelian category A, and C is
 closed under extensions in A R, p. 59 . Then we have in C the notions of
projective and injective objects, as well as almost split sequences.
Denote by  an Artin algebra and by mod  the category of finitely
generated left -modules. The existence of almost split sequences in
 mod  has been proved in AR1 . Later several authors have proved the
existence of almost split sequences in some subcategories of mod , for
example, the representation category of a partially ordered set R, Chap.
  2 , the category of relative projective modules BK , etc. Of special interest
are those modules M; the almost split sequences starting at M also end at
M. We may call M homogeneous, following the term of homogeneous
tubes.
In the late 1980s Crawley-Boevey proved the following theorem. If k is
an algebraically closed field,  a tame, finite dimensional k-algebra, then
Ž .for each dimension d, almost all except finitely many iso-classes modules
M with dim M d are homogeneous using the method of bocses CB1,
Theorem D . Since that time several experts have tried to prove the
converse of the theorem. Under the hypothesis that the same method
would work for the converse, the expectation was that none of the minimal
wild bocses appearing in the consideration of Drozd and Crawley-Boevey
 is homogeneous. Contrary to this Zhang et al. ZLB showed that one of
the minimal wild bocs is in fact homogeneous. The converse of the
Crawley-Boevey theorem is still open. In the present paper we describe a
large class of wild homogeneous categories that contains in particular the
category of representations of the above minimal bocs. In Section 1 certain
subcategories C of the module categories over a class of infinite dimen-
sional algebras R are defined, where the R are polynomial rings in one
indeterminate over some finite dimensional k-algebras . Then C has
almost split sequences if  is self-injective. In Section 2 we assume
moreover that  is symmetric; then C is strongly homogeneous, i.e., for
each indecomposable module M in C , there is an almost split sequence
starting and also ending at M. In Section 3 we prove that C is tame if  is
semi-simple and C is wild if  is not semi-simple, under the assumption
that k is an algebraically closed field. For this we introduce some cate-
gories equivalent to C. Vossieck has found a similar method to construct a
Žlarger class of strongly homogeneous categories so-called symmetric bi-
.module problems independently.
Throughout the paper we denote by k a field, by  a finite dimensional
k-algebra, by R an infinite dimensional k-algebra, and mod R the category
of finite dimensional R-modules, Mod R, the category of all R-modules.
We write composition of paths and morphisms from right to left.
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1. A SUBCATEGORY HAVING ALMOST
SPLIT SEQUENCES
 1.1. Let k be a field,  be a finite dimensional k-algebra, and R t
be a ring of polynomials in one indeterminate t centralizing , which is an
infinite dimensional k-algebra. Equivalently, R is the tensor ring over  of
the bimodule . Then there exists a ‘‘universal’’ exact sequence of R-mod-
ules,
d
0 R R  R R R 0, 
Ž . in which d 1 1  t 1 1 t, and the last map is multiplication C,
 Ž .Vol. 3, Chap. 2.2 . It splits as a sequence of right or left R-modules.
Ž .Therefore it remains exact after tensoring with an arbitrary left or right
R-module.
Now let C be the category of left R-modules, which are finite dimen-
sional projectives as left -modules. Then any module M in C has a
canonical R-projective resolution
d1 0 R R M R R M R M 0, R  R R
or simply
d1 0 R M R MM 0. 
Ž .Taking Hom , R , we obtain a sequenceR
Ž .Hom d1, R 
0Hom M , R Hom R M , R Hom R M , R .Ž . Ž . Ž .R R  
Ž .We define the transpose of M to be the cokernel of Hom d 1, R ,R
Ž .denoted by Tr M .R
Ž .Let M*Hom M,  . Then M* has a natural right R-module struc-
ture. It is clear that M* is a finite dimensional projective right -module.
Ž .1.2. LEMMA. Tr M 	M* as R-module.R
Proof. There is a diagram with exact rows,
1d   M* R M* R M* 0 
  
 
Ž .d1 *   Ž . Ž . Ž .Hom R M, R Hom R M, R Tr M 0R  R  R
where the top line is the projective resolution of the right R-module M*,
Ž . Ž . Ž .Ž . : Hom M,   RHom R M, R is given by  f r sm  R 
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Ž . Ž . sf m r for any r, s
 R, m
M, f
Hom M,  .  is an isomor-
phism, since M is a finite dimensional projective left module. Moreover
 1 d f r  r s  s  mŽ . Ž . Ž .R 1  2 1  2 R
  f r t r  r  tr s  s mŽ . Ž .Ž .R 1  2 1  2 1  2
 s f r t s m r  s fr s m tr ,Ž . Ž . Ž . Ž .Ž .1 1 2 2 1 1 2 2
and
d 1 * f r  r s  s  mŽ . Ž . Ž .R 1  2 1  2 R
  fr  r s t s  s  ts  mŽ . Ž .Ž . Ž .1  2 1  2 1  2 R
 s t fr s m r  s fr ts m r ,Ž . Ž . Ž . Ž .1 1 2 2 1 1 2 2
Ž . Ž . Ž .It follows that  1 d  d 1 * , therefore Tr M 	M*.R
1.3. THEOREM. If  is self-injectie, then the category C has almost split
sequences.
Proof. Take any indecomposable module M
C. Then M is finitely
presented by its projective resolution given in Subsection 1.1. We claim
that
Hom M , R  0. Ž . Ž .R
Since t i, i 1, 2, . . . , are not zero divisors, any submodule of R is infinite
Ž .dimensional. But dim M , Thus we obtain  . In particular M is notk
Ž .a projective R-module. Since mod R is a KrullSchmidt category, End MR
Ž . Ž .is local. Denote by P M, M the ideal of End M consisting of theR R
Ž .morphisms decomposed through R-projectives. Then P M, M  0 stillR
Ž .by  .
  Ž .From A, II, 5.1 , there exists a unique up to isomorphism almost split
sequence ending at M in Mod R,
0Hom Tr M , I  EM 0,Ž .Ž . R
Ž Ž ..where  End Tr M , and I is the injective envelope of a simpleR
Ž .-madule. So I is a direct summand of D, where DHom , k . Butk
 is a local ring, therefore is indecomposable as a projective -module, so
is D as an injective -module. Thus ID. On the other hand
Ž Ž . . Ž . Ž .Hom Tr M , D 	D Tr M . Moreover Tr M 	M* by Lemma 1.2, R R R
so it is a finite dimensional projective right -module. Now  being
Ž .self-injective implies that D Tr M 	DM* is a projective left -module,R
so is in C. E is also in C , since the sequence splits over . Thus the
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sequence is an almost split sequence in C. It can be written as
0D Tr M  EM 0.Ž .R
2. A STRONGLY HOMOGENEOUS SUBCATEGORY
2.1. DEFINITIONS. Let C be an exact category.
Ž .1 An indecomposable object M in C is called homogeneous if
there is an almost split sequence
 
0M  E  M 0
in C.
Ž .2 The category C is said to be homogeneous if C has almost split
Žsequences, and for each dimension d, almost all except finitely many
.iso-classes indecomposables M with dim M d are homogeneous.
Ž . Ž .3 C is said to be strongly homogeneous if a C has almost split
Ž . Ž .sequences; b there exist neither projectives nor injectives in C ; c any
indecomposable in C is homogeneous.
Remark. Take any finite dimensional k-algebra . If k is algebraically
 closed and  is tame, then mod  is homogeneous CB1, Theorem D .
 Let  k, R k t be the polynomial algebra in one determinate t
over any field k. Then Cmod R is strongly homogeneous. When k is
algebraically closed, this is a trivial and typical tame algebra.
    Ž 2 .A simplest non-trivial example is given by R t ,  k    , a
2-dimensional symmetric algebra. The subcategory C defined in Subsec-
tion 1.1 is strongly homogeneous. The above results are consequences of
the following theorem.
 2.2. THEOREM. Let R t and C be defined in Subsection 1.1. If  is
symmetric, then the category C is strongly homogeneous.
Ž .Proof. The category C has almost split sequences Theorem 1.3 . Any
Ž .indecomposable M in C is neither projective nor injective by  in
Ž . Ž . Ž .Theorem 1.3 Tr M 	M* Lemma 1.2 and M*Hom M,  	R 
Ž . Ž .Hom M, k DM as R-modules, since  is symmetric. Thus D Tr Mk R
	M.
2.3. If a category C has almost split sequences, then C has an Auslan-
derReiten quiver as in the case of Artin algebras. The vertices are
   iso-classes of indecomposable objects M , and we put an arrow M 
   N , if there is an irreducible map 	 : MN AR2 .
LEMMA. Let C be a strongly homogeneous category. Then for any inde-
composable M in C and any positie integer n, there exists a chain of
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indecomposables and irreducible maps,
	 	 	n 2 1
M  M  


 M  M Mn n1 1 0
in C , such that 	 	 


 	  0.1 2 n
Proof. Take any indecomposable N in C. There is a minimal right
Ž . , . . . ,1 t almost split epimorphism AR2, p. 454 , L  


 L  N, with1 t
each  , j 1, . . . , t, irreducible. By induction, we have a sequencej
f f fn 2 1
E  E  


 E  E M ,n n1 1 0
where f is the direct sum of minimal right almost split maps to thei
indecomposable summands of E . Thus for each 1 i n, the matrixi1
component of f related to the indecomposable summands of E and Ei i i1
are either zero or irreducible. The composition f f 


 f is an 1 n1 2 n
matrix related to the indecomposable summands of E and E , such thatn 0
each component is either zero or the composition of irreducible maps of
length n. Since f f 


 f is an epimorphism, there exists at least one1 2 n
component, say 	 	 


 	  0, with 	 : M M an irreducible map1 2 n i i i1
between indecomposables.
Ž .2.4. PROPOSITION a corollary of Theorem 2.2 . Let C be the category
defined in Theorem 2.2. Then each connected component of the
AuslanderReiten quier of C is a homogeneous tube.
Proof. Since there is neither projectives nor injectives in C , the Aus-
landerReiten quiver of C is a stable valued translation quiver. Let  be
any connected component of the quiver. Then there is an additive function
dim : .  is periodic. The Cartan class of  is either a Dynkink
 diagram, an Euclidean diagram, or one of A , A , B , C , D by HPR,    
Theorem p. 289 . But the additive function dim on  is unbounded,k
otherwise Subsection 2.3 would contradict the HaradaSai lemma. Since
the Dynkin diagram and Euclidean diagram are finite, and any additive
function on A , B , C , D is bounded, the only possible Cartan class of    
² :is A . Therefore 	  A   is a homogeneous tube. 
3. EQUIVALENT CATEGORIES AND REPRESENTATION
TYPE OF C
 3.1. Recall from CB2 that a bimodule problem consists of a k-category
K, a K-K-bimodule M, and a derivation i: KM. The representation
Ž .category Mat K, M, i has the objects Xm, with X
 ob K and m
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Ž . Ž .M X, X , the morphisms f : Xm X m with f
 K X, X  , and mf
Ž .fm i f .
Now let K be the category of finitely generated projective -modules,
Ž . Ž . Ž .M be the K-K-bimodule with M X, Y  K X, Y Hom X, Y for any
projective -modules X, Y, i 0: KM.
PROPOSITION. The category C defined in Subsection 1.1 is equialent to
Ž .Mat K, M, i .
Ž .Proof. For any Xm
Mat K, M , X is a projective -module with an
Ž .action X t m: X X, which commutes with the action of  on X,
Ž . Ž .  since m
M X, X Hom X, X . Therefore X is an  t -module. Any
Ž .morphism f : Xm X m is a morphism in Hom X, X  , satisfying mf
Ž . Ž . Ž .   fm  i f  0, i.e., X t f  fX t , f is an  t -map. Then
Ž .F: Mat K, M, i C defined above is a functor. Conversely, take any
 X
C , X is an  t -module, which is projective as an -module. Let
Ž . Ž . Ž .m X t ; then Xm
Mat K, M, i . G : CMat K, M, i by sending X
to Xm is a functor. It is obvious that GF I and FG I ,MatŽK , M , i. C
where I stands for the identity functor of a category.
Ž .3.2. Since K, M, i is a KrullSchmidt bimodule problem with K having
only finitely many indecomposable objects, we may construct a differential
Ž . Ž .  biquiver Q, d related to K, M, i according to CB2, 3.1 .
From now on, we assume that  is a split basic algebra with ordinary
 quiver Q. Then  kQI, where I is an admissible ideal D2, 3.6 .




copies of k. Let e , . . . , e be a complete set of the orthogonal primitive1 n
idempotents of . Then  J S, S ke  


 ke is a subalgebra1 n
of .
Since kQI is generated over k by paths, we may take a k-basis of 
consisting of paths. Take first e , . . . , e , i.e., the paths of length 0. Second1 n
2Ž .take a k-basis  of e JJ e with arrows  : p q in Q for 1 p,q p
iq n. Inductively if we have already a k-basis  of J , with paths  of
i i1Ž .length  i, then take a k-basis  of e J J e , with path  : p q ofq p
length i for all 1 p, q n. Since J is nilpotent, we obtain finally a
k-basis of . Denote by e , . . . , e ,  , . . . ,  , or  , . . . ,  ,  , . . . ,  ,1 n 1 s 1 n n1 s
s s n, this basis according to the above ordering. Suppose we have
the multiplication table
   k l  .Ýi j i j l
l
It is obvious that k l  0 if l i or l j.i j
Draw a biquiver with n vertices and solid arrows  0: q p if we have al
base element  : p q, 1 l n s. On the other hand, if there is al
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base element  : p q, then put a dotted arrow   : q p. Definel l
d  0  k l     0   0    ,Ž . Ž .Ýl i j jn i j in
i , j
d    k l      .Ž . Ž .Ýln i j jn in
i , j
Ž .Finally we obtain a differential biquiver Q, d .
Ž . Ž .3.3. The representation category R Q, d of Q, d is equivalent to the
Ž .   Ž .representation category R A according to CB2, 4.3 , where A A, V ,
A is freely generated by the solid arrows of Q over A S, V A V is
an A A-bimodule, and V is freely generated by dotted arrows of Q. A
has a layer
L A;  ; e0 , . . . , e0 ,  0 , . . . ,  0 ;   , . . . ,   ,Ž .1 n 1 s 1 s
or a layer
L  A ;  ;  0 , . . . ,  0 ;   , . . . ,  Ž .1 1 1 1 s 1 s
 Ž .  0   with A p, p  k e 	 k x , 1 p n.1 p
Ž .Now we give explicitly the equivalent functor E : R A C. Take any
base element  : p q in  and denote by  : e e the right˜l l q p
n Ž . Ž . nmultiplication by  . Let X X 
 R A . Define E X  l p1 p p1
Ž .e X . The action of  on E X is the natural left multiplication.p k p
Ž .The action of t on E X is given by
ns
0E X t    X  : E X  E X .Ž . Ž . Ž . Ž .˜ Ž .Ý l k l
l1
Ž .Then the action of  and the action of t on E X are commutative; thus
Ž . Ž . Ž .E X 
C. Moreover if  : X Y is a morphism in R A , E  is given
by
n s
0 ˜e       Ž .˜Ý Ýp k p l k 1
p1 l1
E  E X tŽ . Ž . Ž .
n ns ns
0 0˜ e          X ˜ ˜Ž . Ž .Ý Ý Ýp p jn jn i i
p1 jn1 i1
0 0 ˜  0 e    X        X ˜ ˜ ˜ Ž .Ž . Ž .Ý Ýp l p l jn i jn i
p , l j , i
ns
0 0 l 0    X   k   X  ;˜ Ž .Ž . Ž .Ý Ýl p l i j jn i
l1 i , j
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E X t E Ž . Ž . Ž .
ns n ns
0 0 ˜   Y  e       Ž .˜ ˜Ž .Ý Ý Ýj j q q in in
j1 q1 in1
0 0 ˜ 0   e  Y       Y   Ž .˜ ˜ ˜Ž . Ž .Ý Ýl q l q j in j in
l , q j , i
ns
0 0 l 0   Y    k Y    .Ž .˜ Ž . Ž .Ý Ýl l q i j j in
l1 i , j
Ž 0.They are equal by the formula of d  given in Subsection 3.2. Thusl
E  
Hom E X , E Y .Ž . Ž . Ž .Ž .R
In a similar way, we can prove that if  : X Y and  : Y Z are
Ž . Ž . Ž . Ž .morphisms in R A , then E   E  E  in C.
n Ž .m p nE is dense. In fact, take any M e in C , let X p1 p p1
X , where X is a k-vector space of dimension m . Then M p p p  : p ql
Ž 0. Ž . Ž . X . Let X  M t  : X  X . Then E X M.l q l e X   X q pq q l q
Ž .Finally we prove that E is fully faithful. If  is a morphism in R A ,
Ž . Ž .with E   0, then by the definition of E  ,   0, p 1, . . . , n,p
 Ž . Ž . Ž .  0, l 1, . . . , s, i.e.,  0. If X, Y
 R A , with E X M, E Y l
N,  : MN is a morphism in C. Let  : X Y defined by  0  p
Ž  . : X  Y , p 1, . . . , n,      : X  Y , le X e Y p p l e X   Y q pp p q q q q l p
Ž .1, . . . , s. Then E    .
3.4. We still assume that  is a basic algebra. Moreover k is an
algebraically closed field.
 DEFINITION CB1, 3.9 . Let  be the category of finitely generated free
² : Ž .k x, y -modules. We say that a bocs A A, V is wild if there is a
Ž . Ž .functor F : A , such that the induced functor F, F * : R  
Ž .R A preserves isomorphism classes and indecomposability.
² :DEFINITION. Let T be a R k x, y -bimodule, which as 
² : nk x, y -bimodule has the form T e T , where T is a free p1 p k p p
² : ns Ž 0.k x, y -module. The action of t on T is given by Ý  T  with˜l1 l k l
Ž 0. Ž .T  
Hom T , T for  : p q. The category C is called of wildl k² x, y: q p l
representation type if there exists such a bimodule T , such that the functor
² :T  : mod k x, y C preserves indecomposability and isomor-k² x, y:
phism classes.
Ž .PROPOSITION. The category C is wild if and only if R A is wild.
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Ž .Proof. Suppose R A is wild and F : A  is a functor defined in the
² :first definition. Construct an  k x, y -bimodule
n
T e  F p .Ž . p k
p1
The action of t is defined by
ns
0T t    F  .Ž . ˜ Ž .Ý l k l
l1
² :Thus T is a R k x, y -bimodule. Moreover we have the diagram
Ž .F , F * Ž . Ž .R  R A
 
Id E
Tk² x , y: ² :mod k x, y C
Ž . ² :where Id stands for the identity functor, R  mod k x, y . Take any
² : Ž . Ž .N
mod k x, y and suppose F, F *N X. Then X  E p N andp
Ž 0. Ž 0. Ž . Ž .X   F  : X  F q N F p N X is given by the left multi-l l q p
n Ž .plication. Then T N   e F p N    k² x , y: p1 p k k² x , y:
n Ž .e  X  E X . Thus the above diagram commutes.p1 p p
Conversely if C is wild, T n e  T as in the second defini-p1 p p
Ž . Ž 0. Ž 0.tion. Let F : A  given by F p  T , F   T  . F is an algebrap l l
Ž . Ž 0 0. Ž 0 0.homomorphism, since T t is a module action, F    T   i j i j
Ž 0. Ž 0. Ž 0. Ž 0.T  T   F  F  . Again we have the above commutative dia-i j i j
Ž .gram, and then R A is wild.
3.5. THEOREM. Let k be an algebraically closed field,  be a basic finite
dimensional k-algebra, and C be the category defined in Subsection 1.1. Then
   C	mod k t  


mod k t when  is semi-simple; and C is wild when
 is not semi-simple.
Ž 0.  0 0 Proof. If J 0, then      e  e   , where  : p q1 1 q p 1 1
Ž .   Ž .satisfies the condition 2 of CB1, 3.10 . Then R A is wild; consequently
C is wild.
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